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Abstract 
In the present study we consider an adaptation of Nguyen’s model [6] for brittle materials to the case of ductile rupture. We focus 
our attention on the formulation of a consistent tangent stiffness matrix which is essential for the efficiency and convergence of 
the implementation within a finite element framework. We demonstrate the capability of the model to generate mesh-independent 
results and to follow the rupture process very close to failure. Rupture analysis of thin plates of different geometry is presented 
(symmetric double notch-edged specimen, asymmetric double notch-edged specimen, double notch-edged specimen containing a 
hole). Further modifications are outlined required to simulate crack growth and paths under the conditions of creep and fatigue. 
© 2009 Elsevier B.V. All rights reserved 
Keywords: Damage; Nonlocal plastic strain; Ductile materials; Creep; Fatigue  
1. Introduction 
Two approaches to crack propagation modelling have been considered in recent times. A crack may be 
considered as a discontinuity within the material, and cohesive zone elements or XFEM (extended finite element 
method) can be used. The other approach is continuum damage mechanics (CDM) [1-3], where the crack is 
represented by a band of damaged material. Mesh-independence of results is a major challenge, as is the ability to 
predict correctly the size effects associated with material softening due to void nucleation, growth and coalescence. 
Numerical instabilities often arise due to damage localization and softening. Recent CDM modelling frameworks 
have used the nonlocal form [4,5] to capture successfully the failure behaviour of concrete [6].  
The model used here is an adaptation of [6] to ductile materials. Despite the micro-mechanisms leading to failure 
in brittle and ductile materials being different, the stress-strain curves associated with the rupture of those two kinds 
of materials appear similar, allowing the possibility of using similar macroscopic modelling framework.  
The model described here is implemented in the implicit version of the FE package Abaqus®.  Emphasis is placed 
on the necessity to formulate accurately the tangent stiffness matrix to overcome the convergence problems that 
appear when crude approximations are used.  The model’s ability to give mesh-independent results and to predict 
crack paths within thin plates under tensile load is illustrated.  
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2. Nonlocal damage model 
The present model is an adaptation of Nguyen’s [6] model to ductile materials. The model formulation is 
internally consistent via the use of the Houlsby and Puzrin [8] framework that links the damage and yield functions 
via a dissipation potential. However, as in Lemaitre [3], the damage function is explicitly defined to help the 
implementation. The model follows the classical damage mechanics formulation based on the effective stress 
concept and the strain equivalence principle [1-3]. We define the damage criterion and damage law as:  
( ) ( ) 0=−= ddpdd FGy αε ,    ( )pdd G εα =                                                          (5) 
where dα is the scalar damage variable, and dG  is an explicitly defined function of the local-nonlocal equivalent 
plastic strain, expressed at 
localpnonlocalpp mm ,, )1( εεε −+= .                                                                         (6) 
where m  is the so called non-local ratio. As discussed in [9], its value should exceed unity to assure mesh-
independency. The time increment of the nonlocal plastic strain, 
nonlocalp,ε& , is expressed as: 
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In (7), 
pV  is the sphere of radius R  centred at the observation point x  at which the nonlocal plastic strain is being 
computed due to local strains at field points y . The nonlocal radius, R , acts as a material length scale and 
determines the size of the strain localization area. The bell-shaped weight function )( yxg −  is used to describe the 
interaction between points x  and y . Various formulations have been proposed for this function. The one used here, 
is the most common use, was first introduced by Pijaudier-Cabot and Bazant [4]: 
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In (7), ( ) ( )∫ −=
pV
dVgG xyx  is used to normalize this weighting scheme applied to the local equivalent strain. 
 
 
Fig. 1. (a) Double notched edged (DENT) specimen pull into tension on one end and blocked at the other extremity – only a quarter of the piece 
has been modeled due to symmetries;(b) Damage field of the plate model on Fig. 1.(a) at the end of the damage process; (c) Overall load-
displacement curves of the FE model of Fig. 1.(a) for different values of the nonlocal ratio m and different mesh sizes. 
3. Results and discussion 
The model described above was implemented within UMAT for FE package Abaqus® implicit.  The model was 
applied to thin plates illustrated in Fig.1a subjected to tension at one end and fixed at the other extremity. Isotropic 
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hardening function of Chaboche type was used to model the material deformation response, (9), coupled with the 
Lemaitre damage function for ductile materials under tension, (10): 
( ) )1( pbyppi eQF εσε −−+=                                                                                       (9) 
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where 
yσ  is the material yield stress, Q  and b in (9) and  CD , Rε , Dε  in (10) are material constants. nR  is such that 
( )[ ]2)21(3)1(
3
2
eqHnR σσνν −++=  , where ν  is Poisson’s ratio, Hσ  is the hydrostatic stress and eqσ  is the Von Mises 
equivalent plastic strain. Convergence problems generally arise once the overall load-displacement curve begins to 
fall. These can be attributed to the incorrect approximation for the formulation of the tangent stiffness matrix. 
Hence, a method similar to that described in Rodriguez-Ferran et al. [7] and the one used in Jirasek and Patzak [10] 
was employed. The tangent stiffness matrix in (11) was prescribed as 
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In (11),
sw  is the weight associated with the Gauss point s ; 
sB  and sTB  are respectively the B-matrix and its 
transpose at integration point s . Finally, s
consisC  is the matrix such that for each Gauss point s , the relation  
ijijkl
s
concicij C εσ ×= )(  is satisfied. As illustrated in Figs 1b and 1c, the use of this tangent matrix overcomes 
convergence problems and allows the process to be followed to total failure. Another key problem in CDM is 
ensuring the mesh independence of the model. Fig.1c shows that applying the model to two plates of the same 
geometry but with different mesh refinement gives similar results. As expected, the damage area spreads out into a 
band of the size controlled by the nonlocal radius, R .  
Ability of the model to provide the crack path prediction have also been explored by applying the model to plates 
of different geometreies (asymmetric DENT, DENT with stress deviator (hole) and double edge D-notched tensile 
specimen). As illustrated in Fig.2., the crack paths predicted by the model appear reasonable, and correspond well to 
those observed in loading tests. 
4. Conclusion 
In the present paper, we presented a new model for modelling the failure of ductile materials. The model was 
applied to thin plates of different geometries. The emphasis has been put on the necessity to formulate the tangent 
stiffness matrix with sufficient accuracy for performing implicit integration within the FE package. A good 
approximation of the tangent stiffness matrix has been introduced. The model capabilities have been illustrated, 
namely, following the process until total failure of the specimen, giving mesh-independent results and the prediction 
of reasonable crack paths within thin plates of different geometries. 
Further model developments required include making the damage function more realistic, in accordance with the 
available insight into the micro-mechanics of ductile material damage. Furthermore, model development is needed 
in order to predict ductile fracture behaviour of thin plates under complex thermo-mechanical loading (i.e. creep and 
fatigue). 
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Fig. 2.  FE mesh configurations for the plates of different geometries: (a) asymmetric DENT, (b) DENT with stress deviator (hole), and (c) 
double edge D-notched tensile specimen, respectively.   
The corresponding damage fields for the plate models of different geometries shown in Fig.2. (a), (b), (c) at the end of the damage 
process are shown in Fig.2 (d), (e), (f), respectively. 
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